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MANIFOLDS 
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Abstract. In this paper, we initiate the study of PR-warped products in 
para-Kahler manifolds and prove some fundamental results on such submani- 
folds. In particular, we establish a general optimal inequality for "PiJ-warped 
products in para-Kahler manifolds involving only the warping function and 
the second fundamental form. Moreover, we completely classify PiJ-warped 
products in the flat para-Kahler manifold with least codimension which satisfy 
the equality case of the inequality. 



1. Introduction 

An almost para-Hermitian manifold is a manifold M equipped with an almost 
product structure V ^ ±J and a pseudo-Ricmannian metric g such that 

V^ = I, g{VX,VY) = -g{X,Y), (1.1) 

for vector fields X, Y tangent to M, where / is the identity map. Clearly, it follows 
from p. II) that the dimension of M is even and the metric 5 is neutral. An almost 
para-Hermitian manifold is called para-Kahler if it satisfies W — identically, 
where V denotes the Levi Civita connection of M. We define \\X\\2 associated 
with ^ on M by ||X||2 = g{X,X). 

Properties of para-Kahler manifolds were first studied in 1948 by Rashevski who 
considered a neutral metric of signature (m, m) defined from a potential function 
on a locally product 2m- manifold [27^. He called such manifolds stratified spaces. 
Para-Kahler manifolds were explicitly defined by Rozenfeld in 1949 [5H]. Such 
manifolds were also defined by Ruse in 1949 and studied by Libermann in 
the context of G-structures. 

There exist many para-Kahler manifolds, for instance, it was proved in ^22^ that a 
homogeneous manifold M = G/ H of a semisimple Lie group G admits an invariant 
para-Kahler structure (5, V) if and only if it is a covering of the adjoint orbit Adg/i 
of a semisimple element h. (For a very nice survey on para-Kahler manifolds, see 
|19).) Para-Kahler manifolds have been applied in supersymmetric field theories as 
well as in string theory in recent years (see, for instance, [TBI [TTl [18] ). 

A pseudo-Riemannian submanifold M of a para-Kahler manifold M is called in- 
variant if the tangent bundle of M is invariant under the action of 7^. M is called 
anti-invariant if V maps each tangent space TpM, p e M, into the normal space 
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TpAI. A Lagrangian submanifold M of a para-Kahler manifold M is an anti- 
invariant submanifold satisfying dimAf = 2diniAf. Such submanifolds have been 
investigated recently in P^miT^llTS] . 

A pseudo-Rieniannian submanifold A'l of a para-Kahler manifold M is called a 
V R- submanifold if the tangent bundle TM of M is the direct sum of an invariant 
distribution V and an anti- invariant distribution V^, i.e., 

T{M) =V(BV^, rV = V, VV^ C T^{M). 

A T'/i-submanifold is called a V R-warped product if it is a warped product Nj- x fN± 
of an invariant submanifold A^t and an anti- invariant submanifold A^^. 

In this paper we initiate the study of T'i?- warped products in para-Kahler manifolds. 
The basic properties of 7^i?-warped products are given in section 3. We establish 
in section 4 a general optimal inequality for 7-'i?-warped products in para-Kahler 
manifolds involving only the warping function and the second fundamental form. 
In section 5, we provide the exact solutions of a PDE system associated with VR- 
warped products. In the last section, we classify PiJ-warped products A^t x / N± 
with least codimension in the flat para-Kahler manifold which verify the equality 
case of the general inequality derived in section 4. 

2. Preliminaries 

2.1. Warped product manifolds. The notion of warped product (or, more gen- 
erally warped bundle) was introduced by Bishop and O'Neill in [4] in order to 
construct a large variety of manifolds of negative curvature. For example, negative 
space forms can easily be constructed in this way from flat space forms. The inter- 
est of geometers was to extend the classical de Rham theorem to warped products. 
Hiepko proved a result in which will be used in this paper. 

Let us recall some basic results on warped products. Let B and F be two pseudo- 
Riemannian manifolds with pseudo-Riemannian metrics gs and gp respectively, 
and / a positive function on B. Consider the product manifold B x F. Let tti : 
B X F — > B and tt2 B x F — > F be the canonical projections. 

We define the manifold M = B x f F and call it warped product if it is equipped 
with the following warped metric 

g{X,Y) ^ gB{^i,{X),^i,{y)) + f{^i{p))9F{^2XX),^2SY)) (2.1) 

for ah X,Y eTp{M),p e M, or equivalently, 

9 = 93+ f 9F- (2.2) 

The function / is called the warping function. For the sake of simplicity we will 
identify a vector field X on B (respectively, a vector field Z on F) with its lift X 
(respectively Z) on B x f F . 

If V, and denote the Levi-Civita connections of M, B and F, respectively, 
then the following formulas hold 

VxY = Vf F, 

VxZ = VzX ^Xilnf) Z, (2.3) 
\/zW = V^W - g{Z, W) V(ln /) 
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where X, Y are tangent to B and Z, W are tangent to F. Moreover, V(ln /) is the 
gradient of In / with respect to the metric g. 

2.2. Geometry of submanifolds. Let M be an n-dimensional submanifold of M. 
We need the Gauss and Weingarten formulas: 

(G) VxY = VxY + a{X,Y), (W) V x^ = -A^X + , 

for vector fields X, Y tangent to M and normal to M, where V is the induced 
connection, is the normal connection on the normal bundle T-'-(M), a is the 
second fundamental form, and is the shape operator associated with the normal 
section ^. The mean curvature vector of M is defined hy H = ^traceh. 

For later use we recall the equations of Gauss and Codazzi: 

(EG) g{RxYZ, W) = g{RxYZ, W) + g{a{Y, Z),a{X, W)) - g{a{X, Z), a{Y, W)) , 

(EC) (RxyZ)^ = {Vx(t){Y, Z) - (Vra)(X, Z) 

for X, Y, Z and W tangent to M, where R, R arc the curvature tensors on M and 
M, respectively, {RxyZ)^ is the normal component of RxyZ and V is the van 
der Waerden - Bortolotti connection defined as 

(Vxa)(F, Z) = Vi(T(y, Z) - a{VxY, Z) - a{Y, Vx,Z). (2.4) 

In this paper the curvature is defined by Rxy = [Vjc, Vr] — ^[x,y]- 
A submanifold is called totally geodesic if its second fundamental form vanishes 
identically. For a normal vector field ^ on M, if ^4^ = A /, for certain function A 
on M, then ^ is called a umbilical section (or M is umbilical with respect to ^). If 
M is umbilical with respect to every (local) normal vector field, then M is called a 
totally umbilical submanifold. A pseudo-Riemannian submanifold is called minimal 
if the mean curvature vector H vanishes identically. And it is called quasi-minimal 
if iJ is a light-like vector field. 

Recall that for a warped product M = B Xj F, B is totally geodesic and F is 
totally umbilical in M. 

2.3. Para-Kahler n-plane. The simplest example of para-Kahler manifold is the 
para-Kahler n-plane (E^",'P,5(o) consisting of the pseudo-Euclidean 2n-space E^", 
the standard flat neutral metric 

5o = -Ej=i^s' + Ej=i^2''' (2-5) 
and the almost product structure 

^=e;,|-«^-.+e;,^^'^^.- (2-6) 

We simply denote the para-Kahler n-plane ,V , go) by P". 

3. 'Pii-SUBMANIFOLDS OF PARA-KAHLER MANIFOLDS 

For any vector field X tangent to M, we put PX = tan{VX) and FX = nor{VX), 
where taup and noTp are the natural projections associated to the direct sum de- 
composition 

Tp{M) = Tp{M) e T^{M) , PGM. 
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Then P is an endomorphism of the tangent bundle T{M) and is a normal bundle 
valued 1-form on AI . Similarly, for a normal vector field ^, we put = tan(V^) 
and = nor{VCj for the tangential and the normal part of V^, respectively. 
Let V denote the orthogonal complement of VD^ in T^{M). Then we have 

T^(M) =VV^ ®v. 

Notice that v is invariant, i.e., Vv = v. 

The following proposition characterizes 7^i?-submanifold of para-Kahler manifolds. 
A similar result is known for Ci?-submanifolds in Kahlerian manifolds and contact 
Ci?-submanifolds in Sasakian manifolds. See e.g. [3D]. 

Proposition 3.1. Let M M he an isometric immersion of a pseudo-Riemannian 
manifold M into a para-Kahler manifold M . Then a necessary and sufficient con- 
dition for M to be a V R-submanifold is that F o P = 0. 

Proof. For U tangent to M we have the following decomposition 

U = r^U = P^U + FPU + tFU + fFU. 

By identifying the tangent and the normal parts respectively, we find 

P'^ + tF = I and FP + fF = 0. 

Suppose that M is a 7'i?-submanifold. After we choose U — X £ V we have 
VX = PX and FX = 0. Hence P'^ = I and FP = on V. On the other hand, if 
U ^ Z = V-^,we have PZ = 0. Hence FP = on V-^ too. 
Conversely, suppose that FP = 0. Put 

V^{X e T{M) : VX £ T{M)} and = {Z e T{M) : VZ e T^{M)}. 

Then by direct computations we conclude that V and T)^ are orthogonal such that 
T{M)^V®V^. □ 

The following results from |15| are necessary for our further computations. 

Proposition 3.2. Let M he a V R-suhmanifold of a para-Kahler manifold M . Then 

(i) the anti-invariant distribution T)^ is a non- degenerate integrable distribu- 
tion; 

ill) the invariant distribution V is a non-degenerate minimal distribution; 

(iii) the invariant distribution V is integrable if and only if a{PX, Y) — <t{X, PY), 
for all X, y G V; 

(iv) T> is integrable if and only if a is symmetric, equivalently to (7(PX, Y) = 
<7{X, PY) . Here a denotes the second fundamental form ofD in M. 

Now, let us give some useful formulas. 

Lemma 3.3. If M is a V R-submanifold of a para-Kahler manifold M , then 

(a) g{AFzU,PX)=g{VuZ,X), 

(b) ApzW = ApwZ and Af^X = -A^PX, 

for all X, r e V, Z,W eV^, U e T{M) and ^ e r{iy). 
We need the following for later use. 
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Proposition 3.4. Let M be a V R-submanifold of a para-Kdhler manifold M . Then 

(i) the distribution T)^ is totally geodesic if and only if 

g{a{V,V^),VV^) =0 (3.1) 

(ii) the distribution V is totally geodesic if and only if 

gia{V,V),VV^) ^0 (3.2) 

(iii) D is totally umbilical if and only if there exists Zq G T)^ such that 

a{X, Y) = g{X, PY) FZq (mod ly) , y X,Y eV. (3.3) 

Proof. This can be proved by classical computations: see e.g. [6] or [21]. □ 

3.1. T'/i-products. A 7'i?-submanifold of a para-Kahler manifold is called a VR- 
product if it is locally a direct product Nj- x Nj_ of an invariant submanifold A^t 
and an anti- invariant submanifold N±. 

The next result characterizes T'/i-products in terms of the operator P. 

Proposition 3.5 (Characterization). A V R-submanifold of a para-Kdhler manifold 
is a V R-product if and only if P is parallel. 

Proof. By straightforward computations (as in [6l Theorem 4.1] or [24, Theorem 
2.2]) we may prove that 

{\7uP)V = Wu{PV) - PVuV - , V c/, y e x(M), 

which implies the desired result. □ 

The following result was proved in jTSJ page 224]. 

Proposition 3.6. Let Nj- x N± be a VR-product of the para-Kdhler (h + p)-plane 
■ph+p ^iiii — idimA^T and p = dimA^j^. If N± is either spacelike or timelike, 
then the P R-product is an open part of a direct product of a para-Kdhler h-plane 
and a Lagrangian submanifold L ofV^, i.e., 

Nt X CV'' X L cV'' xpP ^ V^+P. 

3.2. 7'i?-warped products. Let us begin with the following result. 

Proposition 3.7. // a V R-submanifold M is a warped product N± x f Nj- of 
an anti- invariant submanifold Nj_ and an invariant submanifold Nj- with warp- 
ing function f : Nj_ — then M is a PR product N±_ x N^, where is the 
manifold Nj- endowed with the homothetic metric g^ = /^5t • 

Proof Consider X,Y e V and Z e V-^ . Compute 

giaiX,Y),FZ) ^giVxY,PZ) = ^g{Y,PVxZ) = g{PY,VxZ) - 
= giPY,Z{\nf) X) = Z(\nf) g{X,PY). 

Since ct(- , •) is symmetric and g{- , P ■) is skew-symmetric, it follows that Z{lnf) 
vanishes for all Z tangent to A^j,. Consequently, / is a constant and thus the warped 
product is nothing but the product A^ x Ay. □ 
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The previous result shows that there do not exist warped product 7'i?-submanifolds 
in para-Kaehler manifolds of the form N± x / A^t, other than 7'i?-products. Thus, 
in view of Proposition 13.61 we give the following definition: 

Definition 3.8. A ■pit!-submanifold of a para-Kahler manifold M is called a PR- 
warped product if it is a warped product of the form: Nj- x f N± , where Nj- in 
an invariant submanifold, N±_ is an anti-invariant submanifold of M and / is a 
non-constant function / : A^t R+- 

Since the metric on Nt of a V R-warped product A^t x / Nj_ is neutral, we simply 
called the 'Pi?-warped product A'^r x / A^^ space-like or time-like depending on N±_ 
is space-like or time-like, respectively. 

The next result characterizes 7^_R-warped products in para-Kahler manifolds. 

Proposition 3.9. Let M be a proper V R- submanifold of a para-Kahler manifold. 
Then M is a V R-warped product if and only if 

AfzX ^ (pxip)) z , y X ev, z ev^, (3.4) 

for some smooth function ^ on M satisfying W{ii) = 0, V G T)^ . 

The proof of this result is similar as in the case of Kahler or Sasakian ambient 
space. The key is the characterization of warped products given by Hiepko in |21) . 

4. An optimal inequality 

Theorem 4.1. Let M = Nj- Xf N±_ be a V R-warped product in a para-Kahler 
manifold M. Suppose that N± is space-like and {VN±) C VN^. Then the 
second fundamental form of M satisfies 

S,<2p\\V\nf\\^ + \\a^\\„ (4.1) 

where p = dimA^x, Sa = g{a,a), Vln/ is the gradient o/ln/ with respect to the 
metric g and \\o']^\\2 — 5(o'i'(2-': I'), (T,y(I?, I?)) . Here the index v represents the 
v-component of that object. 

Proof. If we denote by g-f and g± the metrics on Nj- and A^^, then the warped 
metric on M is g = g-\- -\- f ^g± . Let us consider 

• on A^t: an orthonormal basis {Xi,^^* = PXi}, i — where 
h — diniA^r; moreover, one can suppose that :— g{Xi,Xi) — 1 and 
hence e^* := g{Xi:t:, Xi^,) = —1, for all i. 

• on N±: an orthonormal basis {Za}, a = 1, . . . ,p; we put ea ■= g±{Za, Za) — 
1, for all a; 

• in each point {x,y) e M: Za{x,y) = Za{y); 

• in v. an orthonormal basis {^q, ^a* = = 1, . . . , g; moreover, one 
can suppose that '■= gi^a,^a) — 1 and hence ea* ■— gi^a*,(,a*) = ^ 1- 

Now, we want to compute g{a, a) — 
= g{a{V, D),<j{V, V)) + 2g{a{V, V^), a{V, V^)) + g(a(2?^, 2?^), a{V^ ,V^)) , 
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where 

+ei^ejg(a{X„,Xj),a{Xi^,Xj)) + e^ej^g^aiXi, Xj^), a^X^, Xj^)) (4.2) 
+£i*ij*g{o'{Xi^, , Xj^), a{Xi^: , ^ , 



g{aiV,V^),aiV,V^)) -EE (e,eag{<j{X,, Za),a{X,, Za)) 

i=l a=l ^ 



(4.3) 



and 



g{aiV^,V^),<jiV^,V^)) = ^ eaefcg((7(Za, Z^), a(Z„, Z^)) . (4.4) 

a, 6=1 

To do SO, first we analyze a{'D, V). Since V is totally geodesic, we have a{'D, V) G v. 
Hence one can write the following 

It follows that 



i.j=la=l (4.5) 

Due to the integrability of I? we deduce that a^^ = u%,, af,* = ag*, (7^^-, = ag-, 
= Furthermore, using Lemma |3.3[ we may write 



g{a{x, r), = -3('t(^, py), /e) , V X, y e e e I' 

and consequently we have 

G% = g(a(x„x,),ea) = -g(<7(x„x,,),ea*) = ag:, 

By replacing all these in (|4.5p . we obtain 



5(a(P,I?),a(2?,I?)) ^ Ha^H^ = 4 ^ ^ [(a,'^-)' - «)']• (4-6) 

— 1 a— 1 



Let us focus now on 5(cr(P, P^), P^)) . As before, we write 
It follows that 

5(a(X„Z„),a(X„Z„)) = ~t{a\,f+t{{otf~{ot:f\ 

6=1 a=l 

5(fT(X„, Z„), a(X„, ZJ) = - E (a,'', J2 + E [(^f* J' - 

6=1 c(=l 
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We obtain 



h V Q i=la,b=l (4 7^ 

+ E E E [Kaf - K:)' - [<a? + {<*?] ■ 

i—1 a—1 Q— 1 



From Lemma 13.31 we have 

g{a{PX,Z)Ji) ^ -g{<j{X,Z),^) 

and consequently 

Moreover we know that g{a{PX, Z), FW) = -X{\nf)g{Z, W). This yields 

al = PX, (In /) 6ab and a^, = X, (In /) Sab- (4.9) 
By combining (|4J)) . (|48)) and (|49)) we get 



g{a{V,V^),aiV,V^)) [(X,(ln/))' - (PX,(ln/))'] 

/. p ,^=' (4-10) 

+2E E E [«a)'-KT)']- 

■i^l a—1 a—1 

As g{a{X,Z),f^) = -g{yj^FZ,S) and using the hypothesis V^VV^ C VV^ we 
get a{V,V^) C -PP^. Hence crf„ and af* vanish. Thus 

g(a(I?,I?^),a(2?,I?^)) = p g{V \n f ,V \n f) . (4.11) 
Finally, we study g{a{V^ ,V^),a{V^ ,V^)) . We write 

Cr(Za, Zb) = (Tlf,FZc + (T2b£.a + CT^b ^a* 

and hence 

g{a{V\V^),a{V\V^))=- Kb? + H [«^)" ~ «^*)"]- 

a,b,c—l a, 6—1 a — 1 

As g{a{Z,W),f^) = -g{V^FW,^) and using the hypothesis V^^VV^ C PX>-L 
we get (j{T>^ C VD^. Hence ct"^ and cr^jl' vanish. We conclude with 

g{a{V^,V^la{V^,V^)) = - ^ «b)' • (4.12) 

a,&,c— 1 

From these we obtain the theorem. □ 

Remark 4.2. If the manifold N±_ in Theorem 14.11 is time-like, then (14.11) shall be 
replaced by 

5.>2p||Vln/||2 + ||a^||2. (4.13) 

Remark 4.3. For every 7^i?-warped product Nj- x N± in a para-Kahler manifold 
M, dim A/ > dimA^y + 2dimA^j^ holds. Thus the smallest codimension is dimA^^. 
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Theorem 4.4. Let Nt x / N±_ be a V R-warped product in a para-Kdhler manifold 
M. If N± is space-like (respectively, time-like) and dim M = dim A^y + 2 dim , 
then the second fundamental form of M satisfies 

5, < 2p||Vln/||2 (respectively, > 2p| I V In /I y. (4.14) 

// the equality sign of (|4.14p holds identically, we have 

a{V, V) = cr(X>-L, P-L) = {0}. (4.15) 

Proof. Inequality (|4.14p follows from (|4.1I) . When the equality sign holds, (|4.15[) 
follows from the proof of Theorem 4.1. □ 



5. Exact solutions for a Special PDE's System 
We need the exact solutions of the following PDE system for later use. 

Proposition 5.1. The non-constant solutions tjj — ^^{si, . . . , Sh, ii, . . . 

following system of partial differential equations 





dip 


dip 


dip 
^ dU 


dip 


= 0, 


dsidsj 


OSi 


dsj 


df, 


dsidtj 


dip 
dsi 


dip 

dT, 


dip 
^dk 


dip 
dsj 


= , 


H 

dtidtj 


dip 


dip 

dT, 


dip 
dsi 


dip 
dsj 


= 



t;— = , i,j = 1,.. 



are either given by 



iP^ -In 



[((v,z)+Cl)'-((jv,z)+C2)'] 



,th) of the 

(5.1.a) 
(5.1.b) 
(5.1.C) 

(5.2) 



where z = (si, S2, . . . , ShMM, ■ ■ ■ ,th), v = (01,02, . . . , a/i, 0, 62, • • ■ , bh) is a con- 
stant vector in M^'* with ai 7^ 0, Ci, C2 G M and jv — (0, 62, ... , bh, Oi, 02, ... , ah); 

or given by 



^ = ^ln|((vi,z)+c)((v2,z)+d)|. 



(5.3) 



where V I = (0,02, ... ,ah,0,ea2, ... ,eah) , V2 = (&i, . . . , 6^, -e6i, . . . , -e&/i) with 
bi ^ 0, z is as above and c, d S R. 

Here ( , ) denotes the Euclidean scalar product in R^'* . 

Proof. Let us make some notations: ips^ '.= ipstsj ■= gs Qs ' ^^'^ similar for ipti, 
ipsitj, respectively iptitj- The same notations for any other function. 
If in (|5.1.bp we take i — j one gets ipsiti = —'^4'sii'ti for alH = 1, . . . , /i. Since ip is 
non-constant, there exists such that at least one of ipsi^^ or ipt^^ is different from 
0. Without loss of the generality we suppose iq — 1. Both situations yield 

e^*^ = C(^l, 52,^2, • ■ ■,Sh,th) + J7(si,S2,i2, • ■ ■,Sh,th) , 

where and rj are functions of 2ft, — 1 variables such that + > on the domain 
of ip. It follows that 
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Vsi , Vsis^iC + fl) - Vs 



2(C + ry) ' ^^^^^ 2(C + r7)2 



(5.4) 



. Cti , ^ Ct^tJX±v)_%_ 

2(C + r;) ' "^'^'^ 2(C + 77)2 

Using (|5.1.ap and (|5.1.cp we obtain 

2Vs,s, iC + v) = Vl - , 2Ct,t, {C + V)= Cl - Vl ■ (5.5) 
Since C + 7^ 0, adding the previous relations, one gets 

f?sisi(si, 52,^2, . • . ,Sh,th) + Ctiti(^l: 52,^2, . • . , S/i , ift ) = 

and hence, there exists a function F depending on S2,t2, ■ ■ ■ , Sh,th such that 

??sisi(si, S2,<2, • . • , Sh, ih) = 2F(s2,t2, • . • , Sft, ^h) , 
Ctiti(*li 52, ^2, • . • , S/i, i/i) = —2F{s2,t2, ■ ■ ■ ,Sh,th) ■ 

At this point one integrates with respect to si and ti respectively and one gets 
Visi, S2, t2,. Sh, th) ^ Fsl + Gsi+ H , 

(5.6) 

C(ti,S2,t2, . • ■,Sh,th) = -Ftl - Kti - L, 

where G,H,L and if are functions depending on S2,t2, ■ ■ ■ , Sh,th satisfying the 
following condition 

AF{H-L) = G'^ -K"^. (5.7) 
It follows that ?7 + C = {Fsl + Gsi + H) - {Ftj + Kh + L) . 

Case 1. Suppose F ^ Q\ being continuous, it preserves constant sign; denote it by 
e. From (|5.7p we have H — L = ~ ^ which combined with (|5.6I) yields 



4F 



, — G \^ ( I — if \2 

2^/eF! V 2-JeF' 



We make some notations: a = eveF, 7 ~ and (5 = -? „ , all of them being 

functions depending on 52, ^2, • • ■ , i/i. We are able to re- write the function ijj as 

V' = iln£[(asi+7)2-(ati+^)2]. (5.8) 

We compute now 

q(qs + 7) ^a(ati + 5) 

(asi + 7)2 - (ati + <5)2 ' [asr + 7)2 - {ah + Sf ^ ' 

and for i =/= 1 

(asi + j){as,si + 7sJ - (aii + 6){as^ti + S^^) 



(asi +7)2 - (a<i +(5)2 
(asi + 7) (at, si + 7t. ) - (at 1 + (5) (at, ti+StJ 



(5.10) 



(asi + 7)2 - {ah + S)^ 

Computing also 4'siSi , we can use ()5.1.ap for j = I, i = 2, . . . , h and obtain 

[a(as, si + 7s J + Os, (asj + 7)] [{asi + 7)^ - (a<i + Sf] 

-a{asi + 7)[(asi + 7)(as,si + 7^^ - {ati + S){asih + 
-a(ati + i5)[(asi + 7)(atiSi + lu) - {ati + 5){at^ti + JtJ] = 0. 
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This represents a polynomial in si and ti, identically zero, and hence, all its cocfB- 
cients must vanish. Analyzing the coefficients for sf and tf we obtain as- = and 
at- — for all i = 2, . . . , ft,. Consequently a is a real constant. 

Replacing in the previous equation we get 

{asi + 7) - {ah + 6) - jt, (asi + 7) + St^ {ati + 5) =Q. 
Looking at the coefficients of si and ti we have 

= 7t, and 5t^ ^ Isi, Vi = 2, . . . , ft. (5-11) 

Therefore (|5.10p gives 

, _ 7^i {asi + 7) - '^^i ("^1 + ^) I _ lu [asi + 7) ~ («^l + ^) 

(asi + 7)2 - (ail + ,5)2 (asi + 7)2 - (ail + 5)2 ' ^^■^^> 

We may compute 

Isitj {asi + 7) + isiltj - Ssitj (ah + S) - (5s, J*. 



-2 



(asi + 7)2 - (ail + 6)^ 
ht, (asi + 7) - ^tj (ail + S)] [jsi (asi + 7) - ^s, {ati + S)] 



(5.13) 



[(asi+7)2-(aii+,5)2]2 

and using (jS.l.bl) with i,j > 1, we obtain again a polynomial in si and ii, identically 
zero. By comparing the coefficients of and if we find "fsitj ~ and Sg^tj — 0, 
for all z, J = 2, . . . , ft,. It follows that 7^. depend only on S2, . . . , s/i and St^ depend 
only on i2,...,ih, for all i. From (|5.1ip we know jg. — dt^. Hence, there exist 
constants a^ G M such that 73, = 5t- — ai, yi — 2, . . . , ft. In the same way, there 
exist constants bi e M such that jtt — Sg^ — bi, — 2, . . . , h. It follows that 

h h 

7(s2,i2 . . . ,Sh,th) = J2 ^iSi + biU + Cl, 

r r (5-14) 

i=2 i=2 

We conclude with 

'0 = 1 lne[(asi + a2.S2 + &2^2 + • ■ • + auSh + bhth + cxf 
-{ati + &2S2 + 02*2 + • • . + bhSh + auth + 02)^] . 
Hence the solution (|5.2p is obtained with ai — a^Q. 

Case 2. Let us come back to the case F = (on a certain open set). From (j5.7p we 
immediately find ?7 + C = Gsi — iCii + where G, H, K are functions depending 
on (s2, . . . , Sh, i2, ■ . ■ , i/i), and iiT = eG, e = ±1. Thus 

7/. = iln|(si-eii)G + i/|. 

We have 

G , eG 



2[{si ~ eti)G + H] ' "^'^ 2[(si -eii)G + i7]' 

_ {si - eii)G,, + Hg^ _ {si - eh)Gu + Ht^ . 

"^^^ " 2[(si - eii)G + H] ' ' 2[(,si - eii)G + H] ' * " ^' • ' • ' 

, _ Gs. [(si - eii)G + H]- G[(si - eiQGs, + g.J 
"^^'^^^ 2[(si-eii)G + if]2 ,i-z,...,n. 
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By applying ()5.1.ap for j = 1 and i = 2, . . . ,h wc obtain 

2Gs. [(si - eh)G + H]- G[(si - eh)Gs, + Hs^] - eG[(si - eti)Gt^ + Ht^] ^ 0. 
By comparing the coefficients of si and ti we find 

G(Gs. - eGt J = 0, 2Gs,H -G{H,^+eHt,)^0. (5.15) 
Since G ^ we have Gj^ = eG^^ . In the sequel, computing 

_ isi-eti)Gs,s,+Hs,s, [{si - eti)Gs, + HsMsi - eti)Gs, + Hs^] 



2[{si - eti)G + H] 2[{si - eti)G + H] 



for i,j > 2, replacing in (15.1. al) and comparing the coefficients of we find 
GsiSj — 0. It follows also Gsitj = and Gt^tj — 0. Hence 

h 

G{s2,t2, ■ ■ . ,Sh,th) = ^ai(si + eti) + c, ai,c G R. 

Moreover, i/ should satisfy 

2GHs^s, - Gs. [Hs, - ei?t, ) - G,^. (i?,. - ei/*. ) = , (5.16) 

2i/i/,.,^. - Hs^Hs^ + Ht^Ht^ = 0. (5.17) 

Case 2a. If G is a non-zero constant c (and this happens when all vanish), then 
from the second equation in (|5.15p we find Hs^ + eiJ^^ — for all i>2. Therefore, 
H has the form 

H{S2, t2,. ■ . , Sh,th) = Q(S2 - £^2, • • • , - eth), 

where Q is a function depending only on h variables. From (|5.16p we get Hg^sj = 

h 

and then Q is an afhne function. Thus H — bi{si — eti)+d, with 62, ... , bh, d € M. 

1=2 

Consequently, 

" /i 

.i=l 



Case 2b. If there exists at least one Oj ^ 0, from the second equation in ()5.15p 
we can express H in the form H = QG, where Q is a function on S2, ^2, • ■ • , i/i- 
Then, for every i > 2, 

Hs, + eHt^ = 2a,Q + G(Q,. + Qt.) , 
which combined with ()5.15p gives Qsi+^Qti — 0. Thus, Q — Q{s2—£t2, . . . , Sh—eth)- 

h 

Using (I5.16p . it follows that Q is an affinc function and hence H ^ bi{si-'eti) + d, 

1=2 

with 62, . . . , c? G M. Consequently, 

^ h h 

V'= -ln{[^6,(s, -eii) + d] [^ai(s, + eii) + c]} 

1=1 j=2 

with 61 = 1. This completes the proof. □ 
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6. T'i?- WARPED PRODUCTS IN T^'^+P SATISFYING Sa = 2p||Vln/||2 

In the following, we will use letters k for indices running from 1 to h: a, b, c for 
indices from 1 to p; and A, B for indices between 1 and m with m = h + p. 

On E^'^J'^'' we consider the global coordinates (xi, Xh+a, Ui, Vh+a) and the canonical 
flat para-Kahler structure defined as above. 

Proposition 6.1. Let M = A^t x / be a space-like VR-warped product in the 
para-Kdhler {h+p)-plane 'P'^+p with h — ^ dim A^y and p — dimiVx. If M satisfies 
the equality case of (|4.14[) identically, then 

• Nj- is a totally geodesic submanifold in 'P^+P , and hence it is congruent to 
an open part of ; 

• N±_ is a totally umbilical submanifold in p^+P . 

Moreover, if N± is a real space form of constant curvature k, then the warping 
function f satisfies ||V/||2 = k. 

Proof. Under the hypothesis, we know from the proof of Theorem 14.11 that the 
second fundamental form satisfies 

On the other hand, since M = N-f- x / N± is a warped product, N-f is totally 
geodesic and N± is totally umbilical in M. Thus we have the first two statements. 

The last statement of the proposition can be proved as follows. If i?^ denotes the 
Riemann curvature tensor of N±_ , then we have 

RzvW = R-kvW-\\V \nf\\^{g{V, W)Z - g{Z, W)V) 

for any Z, V, W tangent to N±. See for details 26, page 210] (pay attention to the 
sign; see also page 74). If N± is a space form of constant curvature k, then R takes 
the form 

i?zyW^= (^-^-llVln/ll^) {g{V,W)Z-g{Z,W)V). (6.1) 

The equation of Gauss may be written, for vectors tangent to N±_ , as 

g{RzvW,U) = {RzvW,U) + {aiV,W),a{Z,U)) - {aiZ,W),aiV,U)) . 

Since the ambient space is flat and (t(2?-'-,2?^) — due to the equality in (|4.14l) . 
it follows that g{RzvW,U) — 0. Combining this with (j6.ip gives ||Vln/||2 — -p. 
This gives the statement. □ 

Para-complex numbers were introduced by Graves in 1845 |20j as a generalization 
of complex numbers. Such numbers have the expression v = x -\- jy, where x, y are 
real numbers and j satisfies = 1, j ^ 1. The conjugate of v is v = x — jy. The 
multiplication of two para-complex numbers is defined by 

(a + j6)(s+j<) = {as + bt) + i{at + bs). 

For each natural number m, we put D™ = {{xi + jyi, . . . , Xm + iVm) ■ Xi,yi € M}. 
With respect to the multiplication of para-complex numbers and the canonical 
flat metric, D™ is a flat para-Kahler manifold of dimension 2m. Once we identify 
{xi-^]yi, . . . ,Xm+]Vm) e with (xi,...,a;m,yi,...,ym) G E^", we may identify 
D™ with the para-Kahler m-plane in a natural way. 
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In the following we denote by E*' and H^' the unit p-sphere, the Euclidean p-space 
and the unit hyperbolic p-space, respectively. 

Theorem 6.2. Let Nj- x fN± be a space-like V R-warped product in the para-Kdhler 
{h + p)-plane 'P'^+p with h = ^ dim A'^y and p — dim A^j^. Then we have 

Sa<2p\\Vlnf\\^. (6.2) 

The equality sign of (16.21) holds identically if and only if Nj- is an open part of a 
para-Kdhler h-plane, N±_ is an open part of & or , and the immersion is 
given by one of the following: 
1. $ : £>! X/§P — y'ph+p. 

/ h h 

= zi + -51(^0 - 1) I] VjZj, ■■■,Zh-\- Vhiwo -l)J2 ""jZj, 

^ u . X (6-3) 

j=i j=i / 

with warping function 



where v = {vi, . . . , Vh) e S^''^^ c D'', w ~ {wo,wi, . . . , Wp) e S'p , z = {zi, . . . , Zh) & 
Di and Di = {z € D'' : (w,z)2 > (jw,^)^}. 

2. $ : Di XfMP — yV'^+P; 

/ h h 

$(Z, W) = Zl + Wl(wo - 1) I] VjZj, ...,Zh+ Vhiwo - 1) E VjZj, 

^ . H X (6-4) 

E j^'j^j, ■ ■ ■ iWpY.i'"]zA, h> 1, 

i=i j=i / 



with the warping function f — ^ {v, z)^ — (jti^ z)^, where v = {vi, . . . ,Vh) E tf'' C 

, w = {wq, wi, . . . ,Wp) G MP and z = (zi, . . . , z^) G -Di . 
3. $(z,w) : L>i X/EP — ^ "p/i+P. 



*(2:,U) ( ^1 + ^( E ^^a) E VjZj,...,Zh + ^( E "a) E ^'i^J, 
Y ^ ^a=l ^ j=l ^ ^a=l ^ j = l 

"1 E j'f^J^i, ■ • • , Wp E i'VjZ] , ^ > 2, 
i=l J = l / 



(6.5) 



with the warping function f = ^ (w, z)^ — (jf, z)^, where v — (ui, . . . , w/i) is a /i^/if- 
Zifce vector in D'', z = (zi, . . . , z;i) e Di and u — (ui, . . . , Up) G E^, 

Moreover, in this case, each leaf & is quasi-minimal in 'P^+P . 
4. $(z,w) iDa X/EP — ^ "p'^+P; 

$(z,m) = ( Zl + y L "a: - ■ - ,2/1 + Y E "a: y"l'- " ' ' I' h>l, (6.6) 



wif/i i/ie warping function f — —{v, z) , where vq = \/bi + ej\/fei with bi > 0, 
Da = {z e : (z;, z) < 0}, w = (wi, ...,Vh) = {bi+ ej6i, . . . , 6^ + e = ±1, 

z = (zi, . . . , Zfi) G -D2 'M^rf u — (ui, . . . , Up) G EP. 

/n eac/i 0/ the four cases the warped product is minimal in E^*^'^^-* . 
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Proof. Inequality ()6.2p is already given in Theorem 4.4. From now on, let us assume 
that $ : Nt x / iVj^ — > 7"" is a space-like VR-waiped product satisfying the 
equality in (j6.2p with m = h + p. Then it follows that v = and hence 

aiX,Y) = 0, aiZ.W) = 0, - (PX(ln/))FZ, (6.7) 

for all X, Y tangent to Nj- and Z, W tangent to N±. Thus, Nj- is totally geodesic 
in 7-"" and N± is totally umbilical V"^. 

As TVt is invariant and totally geodesic in P™, it is congruent with V'^ with the 
canonical (induced) para-Kahler structure [15]. On ]E|'' we may choose global 
coordinates s = (si, . . . , Sh) and t = (ii, . . . , t^) such that 

h h 

9T = -Y.'^sj ^Y.'^tl, Vds^^du, Vdu=d,„ (6.8) 

i=l i=l 

for i = I, . . . ,h. 

Let us put 9s. = ^ T (^ti — W' ^'^'^ 
Now, we study the case p> \. 



Since iVj^ is a space- like totally umbilical, non-totally geodesic submanifold in 7"", 
it is congruent (cf. [T], [121 Proposition 3.6]) 

• either to the Euclidean p-sphere W , 

• or to the hyperbolic p-plane H?', 

• or to a flat quasi-minimal submanifold E^. 

In what follows we discuss successively, all the three situations. 

On W we consider spherical coordinates u = {ui, . . . ,Up) such that the metric g± 
is expressed by 

222 2 22 /\ 

g± = dui + cos uidu2 -|- . . . + cos ui . . . cos Up-idUp. (6-9) 
Thus, the warped metric on M is given by 

g = 5t(s,0 + f{s,t)g±{u). 
Then the Levi Civita connection V of 5 satisfies 

Va,,9s, - , Va.A, = , Vg.A^ = 0, (6.10.a) 

Va..5„„ = ^ , Va,^c>„„ = y (6.10.b) 

'^d^^du,, = -tan Uadu^ {a < b), (6.10.c) 

a—1 h 

"^d^Ju^ = n cos^ubJ2{fM. - fftA.) (e.io.d) 

b=l i=l 
a-1 



( sinub cosuf, cos^ ui,+i . . . cos^ Ua-i)du 



b=l 

for i, j = 1, . . . , /i and a,b = 1, . . . ,p. 
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From now on we put ip — In f. Using the relations above, we find that the Riemann 
curvature tensor R satisfies 

Ufa a \ a ( , dip ^^p\ 

^ \osiOSj a Si osj ) 



Moreover we have 



oti dsi 
Applying Gauss' equation we find 

g{RxzY, W) = g{RxzY, W) + g{a{X, Y),a{Z, W)) - g{a{X, W), a{Y, Z)) , 

for X, Y tangent to TVy and Z, W tangent to N^. Using (p??)) and (|OT|) we get 

d^ip dip dtp dtp dtp ^ 

dsidsj dsi dsj dti dtj 

d'^tp dtp dtp dtp dtp ^ , , 

+ 7&1^ + 1^7&=0 (6-12) 



dsidtj dsi dtj dti dsj 

d'^tp dtp dtp dtp dtp 

' ^wrwr=*^^ 1 = 1,. ..,h. 



dtidtj dsi dsj dti dtj 
Let us first consider the case h> 2. 

By applying Proposition 15.11 (case 1, in the proof), we know that there exists a 
constant vector v = (ai, 02, . . . , ah, 0, 62, ... , bh), with ai > 0, such that 

-0 = iln [{v,zy - {iv,z)'^] , 

where z = (si, . . . , Sh, ti, . . . , tyP) and ( , ) denotes the pseudo-Euclidean product 
in E^''. If ai < we are allowed to make the isometric transformation in E^'': 
si I— >■ — si and ti i— )■ —ti. In the sequel, we apply Gauss' formula 

v^,u'^^v = i>.VuV + (j{u, V), yu, V e x{M), 

where $* denotes the differential of the map $. Taking U,V V we obtain 



d'^XA 


_ d'^XA 


_ d'^XA 


dsidsj 


dsidtj 


dtidtj 


d^VA 


d^VA 


d'VA 


dsidsj 


dsidtj 


dtidtj 



= 

OSiiJSj Usidtj dtiCJtj 
For [/ e X> and F e we have 

d'^XA , dxA , , dtjA d'^XA . dxA , , dtjA 

— — — ' — ^ Vu-^ ^ V's^ -5 — 

dSidUa OUa dUa Ot^dUa dUa dUa 

d'^VA , dvA , , dxA d^yA , dyA , , dxA 

dSidUa dUa dUa dt^dUa dUa dUa 



(6.13) 



3.14) 
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Finally, taking U,V we obtain 

d'^XA dxA 
— — tanUa 



duadub 

a2 «-l 



dul 



dul 



dub 

h 



d^VA dxjA , 

- — - — = - tan Ma- — , a<b, 

OUaOUb OUb 



n 

&=i 

a-l 



COS Ub 



9 a::/ 



fft. 



dx/ 



n 

b=l 



El ■ 2 2 \ ^^^4 

( Sm Mb COS Mb COS U6+1...COS Ua-l]-^ — 
. , OUb 

D— 1 

2 ^ ( ff r f 9yA 



a— i 

E/ . 2 2 \ '^VA 

I Sm Mb COS Mb COS Ub+l...COS Ua-l)-^ — . 

, , ' OUb 

0—1 

From (I6.13P we get 

h . h . 

XAis,t,u) = E-^'a('")«j +C'a{u), 

1 1 

h . h , 

yA{s,t,u) ^J2PAi'^)sj + C'a(m) ■ 



(6.15) 



(6.16) 



By combining (|6.14p with (|6.16p we obtain 



dUa dUa 



dp A _ dp A 

dUa dUa 



For i = 1 we have 



■0s 



0. 



dUa 



dUa 



OCa 



dUa 



OCa 



dUa dUa dUa 



dUa " —^"^"^ 



OCa 



9Ma 



9Mq 9Ma 



9Ca 

l9Ma 



h h 

ai{aisi +J2bjtj) 

2 2 



/i ^^2 h h 2 

(aisi + Oj-Sj + J2 bjtj) ~ (aiti + a^tj + bjSj) 

2 2 2 2 

-ai{aiti +J2"'j^'3 +12^3^]) 

2 2 

/i /i 2 ^ '^2 

2 2 2 2 



(6.17) 



Substituting in (j6.17p we find polynomials in s and t. Comparing the coefficients 
corresponding to siSi and sit;, i > 1, we find 

A^(m) = ^Xa{u) + ^^pa{u) + ^ , p\{u) = ^Xa{u) + f-^pAiu) + ^ (6.18) 

for i — 2, . . . ,h, and A3i(m) — Aa(u), = Pa(u), where c\,d\ e M. 
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Comparing the coefficients of si and ti we find that Ca and Ca are constants, and 
applying a suitable translation in E^™ if necessary, one may suppose Ca — and 
Ca — 0, ^— l,...,m. Replacing in (|6.16p and taking into account (|6.17p we get 

h h 

H ' H ' H ... (6-19) 

+ ir^-4(w) (aiti + E + E ^jSj) + ^ ( E <^\sj + E d\tj) , 

2 2 2 2 

h h 

yA{s,t,u) = ■^XA{u){aiti +J2"-jt3 +E^jSj) 

2 2 

/i /i _ h ^ . h , 

+ ^PA{u){aiSi+J2a3Sj + T,bjtj) + ^ (f^ASi + ca^i + E ^A^i + E > 

2 2 2 2 

where ca, d-A, c\ d\ are real numbers. The third equation in (j6.15p for a = 1 
gives 



= (aisi + E ajSj + E bjtj 

h h 



«i||f + E«.tt-E&.tf 

2 ' 2 ^ 

2 '2 \ 



+ {aiti+Y.ajtj + Y.bjSj 

2 2 

which combined with the first equation in (j6.19p yields 

{aisi + j^ajsj +J2bjtj) \^(u) + {v,v)Xa{u) + Da 



[aih + Y.o-3^j +J2bjSj) -f)§f{u) + {v,v)pa{u) + Da 



(6.20) 



where Da — E('^j'^ ~ bjd\) and Da = J^i^j^A ~ bjCj^). 



Since ||V/||, = — — E"j + E^ji Proposition 16.11 implies {v,v) = 1. Hence, 

2 2 

considering in (|6.20p the coefficients of si and ti one obtains the following PDEs: 

(6.21) 



o2 \ q2 

^(u) + Xa{u) -Da^O, -ITTi'^) + Pa{u) -Da=0. 



duf du{ 
We immediately get 

\a{u) = cosui9J4^(m2, • ■ • , Mp) + sinuiL)^^''(M2, • • • , Wp) + i'yi, 
Pa(w) = cos-ui9^^''(m2, . . . ,Mp) + sinuii)^^-'(M2, • ■ • j-Up) + 

where -^a^ ^^"^ ^'"'-^ functions depending on M2, . . . The first 

-tanui^^ , 6 > 1 which combined 



(6.22) 



'A ' -^A ' ^A "-^^^^ ^A 

equation in (j6.15p for a = 1 gives 
with (lO^ yields 

d^\A 



duidub 



tanui 



duidub 

OXa d'^pA 



dub duidub 



tanui 



dpA 
dub 



Using (11211), we get 
real constants. 



= 0, and 



= 0, V6 > 1, hence D^/^ and D^^^ are 
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Returning to the third equation in (|6.15p with a — 2 we get 



dxA , A dxA A, dxA 
^ dxA JK , dx 



dxA I 



2 ''dt, 



2 ' ds, 



2 2 2 

h h 

+ COS^ U2 (fll^l + ^j^j + 

2 2 

+ smui COS ui-^r — . 

aui 

This relation together with (|6.19p yield a polynomial in s and and considering 
the coefhcients of si and ti respectively, we obtain 

-2 sinui cosui|j^ + (cos^ ui)\a — Da cos^ ui = , 



dul 



sin ui cos ui + (cos^ Wi )pa — cos^ Ui — . 



Using (I6.22P one gets 



2fi(l) 



e w ^ 



with the solutions 

6^^^ = cos 7/26^^(^3, ...,Up)+ smu2D^^\u3, ...,Up), 



6^^^ = cos 7/26^^(^3, • . • + sinu2D^''(u3, ...,Up), 

(2) (2) ~ (2) ^ (2) 
where 6^1 ^a , 6^ and D\ are functions depending on U3, . . . ,Mp. Continuing 

such procedure sufficiently many times, we find 



q(2) 



(2), 



Xa{u) — £'a'' cositi . . . coSp_i cosMp + D'"^' cosMi . . . coSp_i sin 



(p), 



(p-i) 



coswi . . . sinp_i 



Z?^"* cositi sinui + Z?^^"* sinui + Da ■ 



Pa{u) = i)^'' cosMi . . . coSp_i cos Up + Z)^'' cositi . . . coSp_i sinwp 



+D^A cosui . . . siup-i 



Z)^"* cos Ml sinui + i)''^^ sinui + Da ■ 



3.23) 



where D^^\ . . . , D^^\ D a, D^-^K - 
let us make the following notations 



, ^ and Da are real constants. At this point 



Wo — COSMi . . . COSUp_i COSMp 

Wp — cosMi . . . cosup_i sinup 
Wp-i = cosMi . . . sinup_i 



W2 
Wi 



cos Ml Sm U2 

sinui. 



It follows that Xa and pA may be rewritten as 

p p 



3.24) 



a=0 



a=0 



0, if a 
= <^ 0, if 7^ a, a > 1 
«=o 1, if 6 = a, 



(6.25) 
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Going back to (|6.19p we get, after a re-scaling with ai 

h h P , . 

xa{s, t, w) = (aisi + J2 + ^jtj) 11 Dywa 

2 2 a=0 

h h P ^ ( \ h . 

2 2 a=0 j=l 

h h P ^ , , 

yA{s, t, w) = (aisi + J2 flj^j + J2 bjtj) J2 D^A Wa 

2 2 a=0 

2 2 a=0 j = l 

Let us choose the initial conditions 

$,9,.(1,0,...,0) = (0,...,0,^1,0,...,0,0,...,0), (6.26.a) 

(m+i) 

$*9t, (1, 0, . . . , 0) = (0, . . . , 0, 0, . . . , 1 , 0, . . . , 0) , 1 = 1, . . . , /i , (6.26.b) 

$,9„,(1,0,...,0) = (0,...,0,0,...,^"i^,^''^0,...,0), 6= (6.26.C) 
From (|6.25|) and (|6.26.cp and taking into account that 

dwa 



(6.27) 



we obtain that 

= 0, = 0, = 0, = 0, (a ^ 6), = 1, 

i = 1, . . . , /i; a, 6 = 1, . . . ,p. 
From ([S:^ and (|6.26.al) we find 

a.^f + b.Df +a^=0, a^b'^l + h^o'^l + a^^^ ^ , (6-28) 
i, j = 1, . . . , /i, a = 1, . . . ,p, &i = 0. 
Finally, from ((OS)) and (|6.26.bp we get 

) + aj^ + /?;. ^ 0, hD^^^ + a,^|°|, + = , 
+ a^Df + a^D^l + ^1^^ = , (6-29) 

i,j = 1, . . . , /i, a = 1, . . . ,p, 6i 0. 
Now, plugging (I07)) . (p:^ and (IS:^ in dH^ll) we obtain 

h h 

Xi{s, t, w) — Si + Df^\wo — l)(aisi + ^ a^Sj + ^ 6jtj) (6. 30. a) 

2 2 



(wo - 1) (ai^i + "-i^i + H ' 
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h 



Xh+a(s,t,w) = D^°l^{wa - l){aisi + ^ajSj + ^bjtj) (6.30.b) 

2 2 

h h 

+ [wa + Al+a(wo - 1)] (aiti + ^ ajij + ^ 5jSj) , 

2 2 

h h 

y,{s,t,w) =ti + Df\wQ - l)(aiti + ^ajtj + ^bjSj) (6.30.c) 

2 2 

+ Df^ (wo - 1) (aisi + ^ flj-Sj + J2 ' 

2 2 

h h 

yh+a{s,t,w) = D^^l^iwo - l){aiti + ^ajt^ + ^bjSj) (6.30.d) 

2 2 

+ [Wa + Al+a(wO - 1)] (aiSl + ajSj + ^ bjtj) . 

2 2 

Since <& is an isometric immersion we have g(<i>*[/, <i>*V^) = g(C/, for every [/ and 
V tangent to M. From g{<^^dsi,<^^dsi) = -1 and ((O0)l we get 

K - + 2f]^„^(°|„ - A - («;o + 1) = 

1 ^1 

a— 1 

for all w € §P, where 

(0) n(0) r)(0) n(0) n(") n(0) n(0) n(0)^ 



n(o) _ (-73,(0) r,(0) r,(0) ^(O) a(0) ^(O) a(0) 



2h , 



Therefore 



Df^^-a,, Dlt = 0,Va=l,...,p, 7^ = 1 . (6.31) 



From 5($*9si,$*9sj) = and ~g{<^^dsi,<^^dtj) = 0, (j > 2), together with ([QO]) 
and (|6.3ip it follows 

Df =-a,-^D^^\ ^b, + ^ , Vj > 2. (6.32) 

Finally, from g{<i>^dsi,<i>^dub) = 0, (fOO]) and ([OT|) we get = 0. Hence from 
(|6.32l) one obtains = — and Z)j°'' = 6j, for all j — I, . . . ,h (recall fei = 0), 
which combined with (D'o), ZJ^o') = 1 yield D^^l^ = 0. 
We conclude from (|6.30p the following 

h h 

Xi{s,t,w) = Si - ai{wQ - l)(aisi + Y^^-j^j + H^i^j) 

2 2 
h h 

+b^{wo - l)(aiti + Y.O'ji] +J2bjSj), (6.33) 

2 2 

Xh+a{s,t,'w) = ^0(01^1 + + L^jSj)' 
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yi{s,t,w) ^ti~ ai{wo - l)(ai<i + ^ajtj + ^bjSj) 

2 2 

h h 



+ bi{wo — l)(aisi + ^ ajSj + ^ bjtj 

2 2 
h h 

yh+a{s,t,w) = ?i;a(aisi 



2 2 

Computing now Xi + jyt and x^+a + iyh+a one gets ((O)) . 

Let consider the second situation when N± is the hyperbohc space H^. On H^' 
consider coordinates u = (ui, U2, ■ ■ ■ , Up) such that the metric g±^ is expressed by 

2 22 2 2 2\/\ 

g±^ ~ dui + sinh ui [du2 + cos U2du^ + . . . + cos 1*2 .. • cos Up^idUpj , (6.34) 

and the warped metric on AI is given by 17 = (?t(s, t) + /^(s, t)g±(u). Then the Levi 
Civita connection V of g satisfies 

Va,^ = , Va,^ dt^ = , Vg,^ 9*^. = 0, (6.35.a) 
Va^.a^^ = ^ 9„„ , Vaj^9„^ ^ d^^, (6.35.b) 

Va„i9„i, = cothwi^L, (f < 6), (6.35.C) 
^d,,^du^ ^ -tan Uadu^ (f < a < 6), (6.35.d) 

Va^^a^i = ^ (/^a,. - (6.35.e) 

i=l 



Va„„a„„ = sinh^ lii cos2 Mb ^ {ffsA. - fftA.) (6.35.f) 

b=2 1=1 
a-1 

— sinhwi cosh Ml cos^ Wf, 

&=2 

a-1 

+ ( sinub cosMf, cos^ Ub+i ■ ■ ■ cos^ Ua-i)5„^, (1 < a) 

b=l 

for any i, = I, . . . ,h and a,b = 1, . . . , p. 

In the following we will proceed in the same way as in previous case. Since some 
computations are very similar we will skip them, and we will focus only on the 
major differences between the two cases. 

The function is obtained from Proposition 15 .11 (case 1 in the proof): 

■0 = ^In [(t;,z)2 - , 

where v = (ai, 02, . . . , ah, 0,b2, ■ ■ ■ , b^), with ai > is a constant vector. 

Applying Gauss' formula V$.[/$*y = ^^Vf/V" + cr(C/, V) for U,V eV, respectively 
for t/ €2? and V e V-^ we may write (|6.19p . Using Gauss' formula for U — V — , 
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we find 



dXA 
dpA 



^ -r {v,v)Xa- Da = : DA = Y.ajc'^-Y,bjc'j^ 

1 

^ + {v,v)pa-Da = : DA = T,bjc'^-Y.ajc'A- 



Here {v,v) = \ \Vf\\^ = —1 and consequently 

Xa{u) = coshui_D^'(?i2, . . . , Up) + sinh7ii9^\u2, . . . , Up) — Da , 
Pa{u) = cosh uil)^' ■'(1*2, . . . ,Up) + sinhui6^^(zt2, . . . ,Up) — Da- 



(6.36) 



Taking U = du^ and V = du^, (6 > 1) wc find that D^-* and d'^^ are constants. 
Next, applying the Gauss formula for [/ = V = du^ and respectively for U = 
and V = , {b> 2) we get 

6^' = cosu2©^^^(m3, ■■■,Up) + D^2^ sinu2 , 

0^°' = cosu2e^^^(u3, ■■■,up) + D^^^ sintt2, ^'a \ -0^^^ € M. 

Continuing the procedure sufficiently many times wc finally get 

Xa = —Da + -D^^ cosh ui + sinh ui cos U2 + D^^ sinh m cos sin U3 H 

+D j^ sinh Ml cos W2 • • • cos Up- 1 sin Up + D^^' sinh ui cos U2 • • • cos Up , 

PA = —Da + D^A '^osh Ml + D^^^ sinh m cos U2 + -D^'' sinh ui cos zt2 sin U3 H 

+D^^^^ sinh Ml COSU2 • • • cosMp_i sinWp + 1)'^ sinhui 003^2 • • • cosMp. 

Considering the hyperbolic space H^' embedded in with coordinates 

wq = coshui 

w\ = sinh Ml sinu2 

W2 = sinh Ml 003^2 sin Ms , , 

[0.67) 



Wp-i = sinhui cos'U2 • • • costtp_i sinUp 
Wp = sinh ui cos U2 ■ ■ ■ cos Up_i cos Up , 

we may express Xa and pA in terms oi w = {wo, wi, . . . ,Wp): 

Xa = -Da + D^wq + D^l^wx + ... + D^X^Wp , 

PA = -Da + Dfwo + D^l^w^ + ... + D^Wp . 



(6.38) 



After a rescaling with the factor ai ^ we may write 

h hp 



XA{s,t,w) = (aisi +X)ajSj +J2t'jtj) J2 D^^^Wa 

2 2 a=0 

+ {aitr + E ajtj + E hsj) E D^Wa + E {(^A^j + Pih) : 

2 2 a=0 i=\ 

h h P ^ , s 

yA{s,t,w) = (aisi + E^^i^j" + E^j*j) E D]^ Wa 

2 2 a=0 

+ (aiti + E ajtj + E bjsj) E D'^X^Wa + E ("a^^' + ^Ah) 

2 2 a=0 j=l 
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which is similar to (|6.25|) . From now on we will put 



h 



S — aiSi + '^^ajSj + '^^bjtj and T = oi^i + Ojtj + 6jSj. (6.39) 

2 2 2 2 

Choose the initial point Sinit(l, 0, . . . , 0), tinit (0, 0, ... , 0), itjnit — (to, 0, . . . , 0) 
with w ^ and the initial conditions 

$,9,,(1,0,--- ,0,oj,0,-- - ,0) = (O,--- ,o/f,o,-- - ,0,0,--- ,0), 
$*9t.(l,0,--- ,0,w,0,--- ,0) = (O,--- ,0,0,-- - , 1 ,0,--- ,0), i = l,--- 
$,a„,(l,0,--- ,0,c^,0,--- ,0)-(0,--- ,0,0,--- /"ai^^'o,--- ,0), 
$,9„,(1,0,-- - ,0,w,0,-- - ,0) = (O,--- ,0,0,-- - ,aisinht^, O,--- ,0), b = 2,--- ,p. 
A straightforward computations, similar to previous case, yield 
x,{s,t,w) = s, + a.,{Wo - 1)5 - 6,(VKo - 1)T, 
a;/i+i(s,t, w) = T^pT, a;/i+Q(s, t, w) = Wa-iT , a = 2,...,p, 

(s, t , u;) = + a, (T4^o - 1) r - 6, (T4^o - 1) 5 , 
yh+iis,t,w) = WpS , yh+ais,t,w) ^ Wa-iS , a = 2,...,p, 

where Wq — wgcoshw — WpSinhw and Wp = — wpsinhw + WpCosha;. Moreover, 
since Wq — Wp — — Wp, it follows {Wo,wi, . . . ,Wp^i,Wp) € and after a 
re-notation we write 

Xi{s,t,w) = + ai[wo - 1)5"- hi[wo - l)r, 

Xh+a{s,t,w) ^ WaT , a=l,...,p, 

yi{s,t,w) = U + ai(wo - l)T - bi(wo - 1)5", 

yh+ais,t,w) = WaS , a=l,...,p, 

where (wq, wi, . . . , Wp) £ HP. Computing now Xi +iyi and Xh+a +jyh+a gives (|6.4p . 

Let consider the third situation when iVj^ is the flat space E^, on which we take 
coordinates u — (ui, U2, ■ ■ ■ , Up) such that the metric is expressed by 

g^=dul + ... + dul. (6.40) 

Then the warped metric on M is given hy g — g-\^[s,t) + f'^{s,t)g±{u). Then the 
Levi Civita connection V of g satisfies 

Va^^ds^ - , Va.A, = , Vs,_5t^. = , (6.4La) 

Va.,5„. = y a„„ , Va,^a„„ = y (6.41. b) 

^d^Ju,=0, (a^b), (6.41.C) 

h 

= ^ iffsA. - fftA.) , (6.41. d) 

i=l 

for any i,j — l,...,h and a, 6 = 1, . . . ,p. 
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In the following we will proceed in the same way as in previous cases. Again, we 
skip most computations, emphasizing only the major differences appearing in this 
situation. The function ip is obtained from Proposition 15. II (case 1 in the proof): 

-0 = iln [(u, z)^ - {]v,zf] , 

where v = (ai, . . . , a^^ 0, ^2, • ■ • , th)^ o,i > 0, is a constant vector. Applying Gauss' 
formula V$,c/$*V^ = $»V[/V^ + <j{U, V) for U,V ^V, respectively for [/ e P and 
V E T)^ we may write (|6.19p . Using Gauss' formula for U = V = 8^ , we find 



+ {v,v)\a- Da = ■■ DA = J2ajc'^~J2bj£^A 

dpA 



2 + {v,v)pA- Da^O ■■ Da^Y.^J^^A-Y.O'J^A' 



Here {v^v) — ||V/||2 = 0. Taking U = du^ and V — du^ [h > 1) we find that 



4^ = and = 0. As 



consequence. 



Xa{u) = ^ uI + D^2''^i + Qa\^2,.-.,Up), 

where I?^^\-D^^'' are constants. Continuing the computations in the same manner 
it turns that 



p 



a—1 a—1 

P 



(6.42) 



2 "a zL^ ^A "a ^ ^A ' 

a—1 a—1 



where D^^\ D^'' and d[^\d^^\ a = I, . . . ,p are constants. Choosing suitable ini- 
tial conditions and taking into account the property of $ to be isometric immersion, 
straightforward computations yield 



Xi = Si + ^[uiS - biT)j2ul , Xh+b^utT, 
1 
p 

yi = ti + \{aiT -hiS)Y,ul^, Uh+b = UbS , 



1 ''«.43) 



where S and T are as in (|6.39l) . Computing now Xi +iyi and Xh+b +jyh+b one gets 
(|6.5p . In the end, consider — {(sq, to)}xW, where (sq, ^o) is a fixed point in E^''. 
If (T° is the second fundamental form of iV° in E^™, we find ||cr° 9„^)||2 = 0. 
So, the mean curvature vector of Nj_ is a light-like vector, so it is nowhere zero. 

li h ~ 1, then v = (ai,0). Thus ||w||2 < 0. Hence, N± is an open part of the 
hyperbolic space H^. So, we obtain item 2. 

Let us now consider the case p = 1. In this case N± is a curve, which can be 
supposed to be parameterized by the arc-length u. Hence its metric is g± = dv?. 
We can make the same computations as in previous case such that ()6.19p holds. 
Yet, a first difference appear: we are not able to say something about the value of 

\Wf\\2 = -t<^l+tbl 

i=l i=l 
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Using as usual Gauss' formula (for U — V ^ du^ ) one gets 

-^-^ ^ {v,v)\a+Ua, ^ {v,v)pa+ Da, 

h h 

where Da, Da G K. Since {v ,v) — — ^ of + ^ hi \& an arbitrary constant, we have 

4=1 1=1 

to distinguish three different cases: Case (i) {v,v) — — r^, Case (ii) = 
and Case (iii) (w, u) = (r > 0). 

Solving the ordinary differential equations and doing the computations in the same 
manner as in the case when p > 1, and after a re-scaling of the vector u, we obtain 
the first three cases stated in the theorem. 

At this point we recall that the PDE system in Proposition 15.11 has also other 
solutions. When Case 2a from the proof is considered, doing similar computations 
we easily get item 4 of the theorem. 

Much more interesting is to consider Case 2b in the proof of Proposition 15.11 We 
have to examine again the three situations, namely when iVj^ is W . MP or E^. In 
the following we give only few details for the case M — E^'* xy §p, the other two 
being very similar. Here the warping function is / = ^/ AB, where 

h h 
k=l fc=l 

h 

e — ±1, fli = 0, 6i = 1, a2 ^ 0. Moreover, by Proposition lG.ll we get ^ akbk = — 1- 

fe=i 

Direct computations, analogue to those done in the first part of the proof, yield 

Si+ ^° {biA + QiB) , Xh+b = ^ (A - B) , 

-, (6.44) 
= U + f-^^ {b,A - a,B) , xh+b = ey (A + B) , 

where {wo-.wi, . . . ,Wp) G S^. Put Vk = ^{ak + bk) + ^i{ak-bk). We have {v,v) = 1, 
where v = (vi, . . . ,Vp). Computing Xi + jj/i and Xh+b + iUh+b we obtain (|6.3p . 
Moreover, the warping function could be written a.s f — y/ (u, z)^ — {jv, z)^. So, we 
obtain again item 1 of the theorem. 

The converse follows from direct computations. □ 

Remark 6.3. In the case 3 of previous proof, if we choose {sq, to) = (1,0,..., 0), 
and V = (1, 0, . . . , 0, a/3 + 2j), we obtain the "initia" leaf given by 

W {m+h) 
$(1,0,U)= (l + iE"a,0,...,0,^E"a,0,...,0,-E"a,"l,---,V- 

After a translation along xi axis, followed by a rotation in the 2-plane (xi^Xh) of 
a suitable angle, we obtain 

(h) (m+h) 

$(1,0, = {0, . . . ,0,~J:uIO, . . . ,0,-J2ulu,, . . . ,up). 

which represents the submanifold given in [15] Proposition 3.6] up to reordering of 
coordinates. 
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Remark 6.4. By applying the same method we may also classify all time-like 
Pi?- warped products Nt x / N± in the para-Kahler {h + p)-plane P^+p satisfying 
/i = i dim Nt,p = dim A''_l and So- = 2p| | V In /| 
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